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Holographic dark energy model in unimodular f(T ) gravity
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The present work deals with holographic dark energy in the context of unimodular f(T ) gravity,
which is a modification of teleparallel gravity. We develop the general reconstruction procedure of
the f(T ) form that can yield the holographic feature of the dark energy. We fit the reconstructed
model with the H(z) data and our results show a perfect agreement with the WMAP9 cosmological
observational data, at least for the range −1.10 ≤ ωV ≤ −1.05. We investigate the consistency of the
reconstructed model by studying its stability against linear gravitational and matter perturbations,
fixing ωV to −1.05. The model presents stability for both de Sitter and power-law solutions and we
conclude that it is a good candidate as alternative viable model for characterizing holographic dark
energy.
PACS numbers: 98.80.-k, 95.36.+x, 04.50.Kd
I. INTRODUCTION
The holographic principle (HP) has been proposed for the first time, through the investigation of black hole ther-
modynamic [1, 2], by Gerard’t Hooft [3]. According to the HP, all of the information contained in a volume of space
can be represented as a hologram, view as a theory locating on the boundary of the space. The most well known
successful realization of the HP is the famous AdS/CFT correspondence proposed by Maldacena in 1997 [4], and
now it is widely believed to be a fundamental principle of quantum gravity. As some success fields for the HP, the
AdS/QCD correspondence has been proposed to explore the problems of quark-gluon plasma [5] in nuclear physics;
the AdS/CMT correspondence has been proposed to study the superconductivity and super-fluid problems in con-
densed matter physics [6]; the holographic entanglement entropy coming from the Ad/CFT correspondence has been
developed in the theoretical physics [7] and the same correspondence allows to discuss the nature of the Sitter space
in inflation [8]. It is then obvious that the HP presents great potential to solve many long issues in various physical
fields.
It is well known nowadays that the exotic component responsible of the cosmic acceleration is the so-called dark
energy. This prescription allows to accommodate the alleged accelerated expansion of the universe in the framework
of General Relativity (GR). However this prescription is not the unique way to point out the physical properties of the
dark energy. The cosmological constant is the first assumption highly consistent with the cosmological observations,
which unfortunately suffers from a fine tuning problem [9, 10]. Since this problem of fine tuning of cosmological
constant is not yet understood, the possible way to bypass this issue is to look for alternative models for the matter
content as scalar field, like quintessence [11]-[17], phantom field [18], tachyon field [19]-[22] or fluid models like
Chaplygin gas [23]-[24]. Still in the optic to get away with fine tuning of cosmological constant, another technique is
modifying GR, and thereby the generalized GR theory, namely f(R) gravity has been proposed with various potential
results (R being the curvature scalar), see [25]-[31] for some of these works; f(G) gravity where G is the Gauss-
Bonnet invariant (see [32]-[33]); f(R, T ) gravity where T is the trace of the stress tensor [34]-[35]. There is also
the generalized version of the Tele-parallel (TT), namely f(T ) gravity, T being the torsion scalar, where interesting
cosmological results have been obtained [36]-[37].
In this paper, we focus on holographic dark energy, searching for its correspondent f(T ) model in a specific way, say
unimodular f(T ). Note that unimodular gravity [38]-[40] is an interesting gravitational theory which can be considered
as a specific case of GR (or TT). As we have noted above the origin of cosmological constant is not well understood,
while according to unimodular point of view it arises the trace-free part of the gravitational field equations once the
determinant of the metric tensor is fixed to a number. The unimodular presents as great theoretical advantage the
fact that since the trace-free part of the field equations in not related to the vacuum expectation value of any matter
field, its value can easily be chosen without being confronted to the cosmological constant problem. Therefore the
unimodular can be used to describe both the early and late time cosmic regimes of the universe [41, 42]. Our task
in this paper is to reconstruct the unimodular f(T ) model able to reproduce the holographic dark energy feature in
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2agreement with cosmological H(z) data. Moreover, for more consistency, we study the stability of the reconstructed
model against linear perturbation through de Sitter and power-law solutions. Our results present viability of the
model for some values of the input parameters.
The plan of the work is the following: In Sec. II we present the general description of unimodular gravity according
to FRW metric, and reconstruct the related holographic dark energy model in the framework of f(T ) gravity in Sec.
III. We confront the reconstructed model with the observational H(z) in Sec. IV and study its stability against linear
perturbation in Sec. V. The conclusion and perspective are presented in Sec. VI.
II. GENERAL DESCRIPTION OF UNIMODULAR GRAVITY
In this section we address the generalization of the GR gravity formalism within unimodular f(T ) gravity formalism.
Note that unimodular gravity approach is essentially based on the assumption that the determinant cannot change,
i.e, the metric tensor is fixed and generated by the relation gµνδg
µν = 0. Throughout this paper we fix the metric
such that [40]
√−g = 1 (1)
In this paper we focus on FWR metric, as
ds2 = dt2 − a(t)2dx2 − a(t)2dy2 − a(t)2dz2 (2)
It is obvious from (2) that the unimodular constraint, expressed by the Eq. (1) is not satisfied and then, in order to
satisfy this later, we redefine the cosmic time coordinate as follows
dτ = a3(t)dt, (3)
such a way that the metric (2) becomes
ds2 = a [t(τ)]
−6
dτ2 − a(t(τ))2 (dx2 + dy2 + dz2) . (4)
The previous metric clearly satisfies the constraint (1) and we shall refer to it as the unimodular FRW metric.
III. UNIMODULAR f(T ) GRAVITY WITH THE ACCOUNT OF HOLOGRAPHIC DARK ENERGY
In this section we start presenting the general f(T ) gravity action, coupled with matter Lm by [36]
S =
1
16piG
∫
d4xe [f(T ) + Lm], (5)
where e = det(eiµ) =
√−g. In what follows, we will assume the units 8piG = 1. Here T denotes the torsion scalar and
is defined as
T = S µνρ T
ρ
µν , (6)
where
T ρµν = e
ρ
i (∂µe
i
ν − ∂νeiµ), (7)
S µνρ =
1
2
(Kµνρ + δ
µ
ρT
θν
θ − δνρT θµθ ), (8)
and Kµνρ is the contorsion tensor defined as
Kµνρ = −
1
2
(T µνρ − T νµρ − T µνρ ). (9)
By varying the action (5) with respect to vierbein eiµ, one gets the general field equations
S νβµ ∂β(T )fTT +
[
e−1eiµ∂β
(
ee αi S
νβ
α
)
+ TαλµS
νλ
α
]
fT +
1
4
δνµf =
1
2
T νµ . (10)
3Here fT and fTT denote the first and second derivatives of f with respect to T , while Tρν is the stress tensor, and we
also set κ2 = 8piG = 1. According to the unimodular-like FRW line element (4) the temporal and space equations of
field read
T = −6a6H2 , (11)
12a6H2fT + f = 2ρ , (12)
48a12H2 (3H2 +H′) fTT − 4a6 (6H2 +H′) fT − f = 2p , (13)
where ρ and p are the energy density and pressure of ordinary matter content of the universe respectively. The related
Hubble parameter is H (we should call it unimodular Hubble parameter) and defined as H = a′/a, where the “prime”
denotes the derivative with respect to the τ .
As we are dealing with holographic dark energy, one can consider it contribution coming from an algebraic function
g(T ) such that f(T ) = T + g(T ), T providing the TT theory related to the ordinary content of the universe. Thus,
the equations (12-13) becomes
6a6H2 = 2ρ− 12a6H2gT − g (14)
−2a6 (9H2 + 2H′) = 2p− 48a12H2 (3H2 +H′) gTT + 4a6 (6H2 +H′) gT + g (15)
As well known in the literature there is a correspondence between the holographic dark energy and the algebraic f(T )
dark energy function. The energy density ρV related to the holographic dark energy can be written as [43]-[45]
ρV =
3b2
R2h
. (16)
Here b is a constant whiled Rh denotes the future event horizon, expressed in terms of cosmic time et τ , respectively,
as
Rh = a(t)
∫ ∞
t
dt′
a(t′)
= a[t(τ)]
∫ ∞
τ
dτ ′
a4[t(τ ′)]
, (17)
which can be simply transformed as
Rh = a
∫ ∞
a
da
Ha5 . (18)
Making use of the critical energy density ρcr = 3a
6H2 from (14), one may define the dimensionless dark energy as
ΩV =
ρV
ρcr
=
b2
a6H2R2h
. (19)
From the second integral of (17) and the definition (19), one gets
R′h = HRh −
1
a3
,
=
1
a3
(
b√
ΩV
− 1
)
. (20)
By assuming the dark energy as the dominant component of the universe its conservation law reads
ρ′V + 3H (ρV + pV ) = 0 . (21)
From (16) and (19), we easily write the derivative of the holographic energy density with respect to τ as
ρ′V = −
2
a3Rh
(
b√
ΩV
− 1
)
ρV , (22)
from which, using (21), one gets
ωV = −
(
1
3
+
2
√
ΩV
3b
)
, (23)
4which is the same expression as that obtained by using directly the cosmic time. In the future, the holographic dark
energy will fill the universe such that ΩV → 1. Then, for b > 1, one gets ωV > −1 and the universe will end up
in a quintessence-like phase; for b = 1 the universe will fail into a de Sitter phase, and for b < 1, the universe falls
into a phantom phase and the equation of state crosses −1. Therefore, it is conclusive that the parameter b plays an
important role when pinpointing the evolutionary nature of the holographic dark energy.
Now, one can rewrite the equations (13-14) in order to point out the correspondence of the holographic dark energy
from the algebraic function g(T ),
3a6H2 = ρ+ ρV , ρV = −6a6H2gT − 1
2
g , (24)
−a6 (9H2 + 2H′) = p+ pV , pV = −24a12H2 (3H2 +H′) gTT + 2a6 (6H2 +H′) gT + 1
2
g . (25)
By Combining (24) and (25), one gets
ρV + pV = −24a12H2
(
3H2 +H′) gTT + 2a6 (3H2 +H′) gT . (26)
With the use of (23) the left hand side of (26) can be rewritten as
(1 + ωV ) ρV = −6Qa6HgT − Q
2
g , Q =
2
3
(
1−
√
ΩV
b
)
(27)
Thus, from the right hand sides of (27) and (26), one gets the following equation
−24a12H2 (3H2 +H′) gTT + 2a6 [3(1 +Q)H2 +H′] gT + Q
2
g = 0 . (28)
Now we have to determine the algebraic function g(T ) according to the holographic dark energy. To this end, we
assume the power-law scale factor in terms of the cosmic time
a(t) =
(
t
t0
)α
, α =
2
3(1 + ωeff )
(29)
where α is a parameter according to what the stage of the universe can be specify, depending on the effective parameter
of EoS ωeff = peff/ρeff (peff = p+ pV and ρeff = ρ+ ρV ) and t0 the today value of the cosmic time. In terms of
τ , the scale factor takes the following expression[46]
a[t(τ)] =
(
τ
τ0
)σ
, σ =
α
1 + 3α
, τ0 =
t0
1 + 3α
. (30)
Thus the parameter the torsion scalar (11) takes the following form
T = −6σ
2
τ20
(
τ
τ0
)2(3σ−1)
, (31)
such that the scale factor, the unimodular Hubble parameter and its first derivative are expressed in terms of torsion
scalar as
a = a∗ (−T )
σ
2(3σ−1) ,H = H∗ (−T )
1
2(1−3σ) , H′ = H• (−T )
1
1−3σ (32)
a∗ =
(
τ0
σ
√
6
) σ
3σ−1
, H∗ = σ
τ0
(
τ0
σ
√
6
) 1
1−3σ
, H• = − σ
τ20
(
τ0
σ
√
6
) 2
1−3σ
(33)
By using the expressions in (32), the equation (28) gives rive to the following differential equation
T 2gTT + λ1TgT + λ2g = 0 , (34)
λ1 =
H• + 3(1 +Q)H2∗
12a6∗H2∗ (H• + 3H2∗)
=
3σ(Q+ 1)− 1
2(3σ − 1) , λ2 = −
Q
48a12∗ H2∗ (H• + 3H2∗)
= − 3Qσ
4(3σ − 1) . (35)
It is important to point out that the resolution of the differential equation (34) at this stage is not possible because
of the explicit expression of the parameter Q is not known. Remember that Q depends essentially on ΩV and this
5later depends on the future event horizon Rh. Let us look for Rh determining its explicit time dependent expression.
Then, making use of (30) and considering that Rh must vanish for large value of τ , one imposes the condition σ > 1/4
and gets
Rh =
τ0
4σ − 1
(
τ
τ0
)1−3σ
, ΩV =
b2(4σ − 1)2
σ2
, Q =
2(1− 3σ)
3σ
, (36)
such that
λ1 = −1
2
and λ2 =
1
2
. (37)
Now is clear that the parameter Q is constant, and the general solution of (34) reads
g(T ) = C1 (−T ) + C2 (−T )
1
2 (38)
such that the f(T ) holographic dark energy model in the unimodular context reads
f(T ) = (1− C1)T + C2 (−T )
1
2 , (39)
where C1 and C2 are integration constants. For more consistency, the constants have been to be determined and to to
do so, we impose the initial conditions, assuming the assumption according to what, at present time, the holographic
model must recover the usual ΛCDM one, that is
(f)t=t0 = T0 − 2Λ ,
(
df
dt
)
t=t0
=
(
dT
dt
)
t=t0
, (40)
where the subscript t0 and T0 denote the present time and the related value of the torsion scalar, respectively.
Making use of the initial conditions (40), one gets
C1 = −2Λ
T0
, C2 = −4Λ(−T0)− 12 , (41)
such that the algebraic unimodular holographic dark energy model reads
f(T ) =
(
1 +
2Λ
T0
)
T − 4Λ
(
T
T0
) 1
2
. (42)
IV. FITTING THE RECONSTRUCTED UNIMODULAR HOLOGRAPHIC DARK ENERGY MODEL
WITH OBSERVATIONAL DATA
Here let us cast Eq. (24) in the following form
B(z)
B0
=
[
Ωm0(1 + z)
3(1+ω) + (1 − Ωm0)(1 + z)3(1+ωV )
] 1
2
, (43)
where B(z) = a3(τ(z))H(τ(z)) is the equivalent of the cosmic time dependent Hubble parameter H(t(z)), and E0 its
today value. On the same way we shall compute the decelerated parameter q = −aa¨/a˙2 as
q = −4− H
′
H2 (44)
= −4 + 3
2
Ωm0(3 + ω)(1 + z)
3(3+ω) + (1− Ωm0)(3 + ωV )(1 + z)3(3+ωV )
Ωm0(1 + z)3(3+ω) + (1 + Ωm0)(1 + z)3(3+ωV )
(45)
and the effective parameter of EoS ωeff as
ωeff = −3− 2H
′
3H2 (46)
= −3 + Ωm0(3 + ω)(1 + z)
3(3+ω) + (1− Ωm0)(3 + ωV )(1 + z)3(3+ωV )
Ωm0(1 + z)3(3+ω) + (1 + Ωm0)(1 + z)3(3+ωV )
. (47)
6In the above expressions we have used the relation H′ = −(1 + z)HdH/dz.
Our challenge hear is to compare the background expansion in unimodular holographic dark energy model with
observational data. The task if to investigate whether the cosmology provide by the reconstructed model accords the
available background data. To do so, we use the typical H(z) data coming from the cosmic chronometers. Measuring
H(z) and for instance B(z), using the differential age of the universe therefore circumvents the limitations associated
with the use of the integrated histories. The best cosmic chronometer concerns the galaxies evolving passively on a
time scale much longer than their age difference. In this work we assume the ordinary matter content as a pressure-less
fluid. The H(z) data to be used here is in the range 0 < z < 2. The current value of the Hubble parameter we assume
here is H0 = 70km/s/Mpc and then the value of Ωm0 can be consequently determined through the present conditions
applied to the Eq. (12), using (42) and leading to Ωm0 = 0.3, the cosmological constant being Λ = 0.7. Our result
should be compare with the standard well known ΛCDM and the pure matter dominated Einstein-de Sitter models,
for which one has, respectively
EΛCDM (z) = E0
[
Ωm0(1 + z)
3 + Λ
] 1
2 (48)
EEdS(z) = E0(1 + z)
3
2 (49)
By making use of ΩV at (36), the expression (23) becomes
ωV = −1
3
[
1 +
2(4σ − 1)
σ
]
. (50)
Due to the fact that σ > 1/4, one get ωV < −1/3. Moreover, from (50), one gets σ = 2/(3ωV + 9), which, within the
condition σ > 1/4, yields −3 < ωV < −1/3 as a crucial condition. Then for any curve to be plotted, one has to refer
to the previous condition about ωV . However it has to be pointed out that for ω = −1, corresponding to σ = 1/3,
the ΛCDM model is recovered. Then, except the value −1, we fix three other values for the parameter ωV in the
range −3 < ωV < −1/3 and plot the evolution the Hubble parameter, the deceleration parameter and the effective
parameter of EoS versus the red-shift, that is H(z), q(z) and ωeff (z).
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Figure 1: Left panel: evolution of H(z). Right panel: The inset of the evolution of H(z) amplifying the low-z
region. Here we consider Ωm0 = 0.3, Λ = 0.7 and H0 = 70km/s/Mpc. The Black and Red characterize the EdS and
ΛCDM models, respectively, while the Green, Magenta and Blue are related to the UHDE model for
ωV = −1.1,−1.05,−0.95
From Fig. 1 it appears that the EdS, ΛCDM and the UHDE models, the behavior the Hubble parameter obeys
the standard accelerated expansion feature, that is, for an accelerated expansion of the universe it hopped to have
a decreasing rate. However, two other important aspects have to be analyzed in order to point out the viability of
the reconstructed UHDE model, that is, the transition from the decelerated to the accelerated phases of the universe
through the decelerated parameter q(z), and the crossing of −1 by the effective EoS ωeff predicting the possibility of
having finite time singularities in the future. As well known the EdS model should note provide the transition phase
and the universe should live only the decelerated expansion (q(z) > 0) as shown by the black curve in the left panel of
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Figure 2: Left panel: evolution of q(z). Right panel: evolution of ωeff (z). We use Ωm0 = 0.3, Λ = 0.7 and
H0 = 70km/s/Mpc. The Black and Red characterize the EdS and ΛCDM models, respectively, while the Green,
Magenta and Blue are related to the UHDE model for ωV = −1.1,−1.05,−0.95
Fig. 2. For the ΛCDM model the transition is realized as well shown by the red curved for the ωV = −1.1, 1.05,−0.95.
About the UHDE model the transition is also guaranteed crediting the model as candidate to the viability test. In
order to give more consistency to the analysis, the evolution of ωeff is plotted for the same models as in the previous
case. Note in this case that, just from the higher values of z to the present time, only the EdS model does note
present an unexpected behavior, being always positive, as shown in the right panel of Fig. 2; the ΛCDM and UHDE
models agree with the WMAP9 result (−1.71 < ωeff < −0.34) at z = 0 but any one of current values of ωV does not
cross −1. Therefore, it is clear that the most important role of ωeff shall appear when one goes toward the future,
that is, allowing the redshift z to possibly reach −1. At this stage (see Fig 3), the parameter ωeff vanishes for the
EdS model, being in disagreement with the observational data. Having a look on ΛCDM and UHDE models, one
sees that ωeff will never cross −1 for ΛCDM (for which the universe end up with ωeff = −1) and for UHDE model
within ωV = −0.95, while the transition from the quintessence to the phantom phase is well realized for UHDE model
within ωV = −1.1, 1.05. In accordance with the analysis of the q(z) and ωeff , the UHDE model passes the H(z) data
test, at least for the range −1.10 ≤ ωV ≤ −1.05. For more precision we add the evolution the ωV in terms of the
parameter σ at the right panel of Fig. 3, where the graph shows a decreasing behavior of ωV .
In order to complete the viability of the reconstructed UHDE model, studying its stability against linear geometrical
and matter perturbations. The present this analysis in the coming section where the de Sitter and power-law solutions
are considered.
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Figure 3: Left panel: evolution of ωeff (z). We use Ωm0 = 0.3, Λ = 0.7 and H0 = 70km/s/Mpc. The Black and Red
characterize the EdS and ΛCDM models, respectively, while the Green, Magenta and Blue are related to the UHDE
model for ωV = −1.1,−1.05,−0.95. Left panel: evolution of ωV versus σ.
V. STABILITY OF COSMOLOGICAL SOLUTIONS
In this section we explore the stability feature of the reconstructed model. This study requires to to introduce
homogeneous and isotropic perturbations around the model. Because of the form of the geometrical part of the field
equation (12-13), it is useful to assume the scale factor ab(τ) satisfying these equations. We now consider small
deviations from the scale factor and the ordinary energy density in terms of perturbation functions as
a(τ) = ab(τ) [1 + δ(τ)] , ρ(τ) = ρb(τ) [1 + δm(τ)] . (51)
Here δ(τ) and δm(τ) denote the geometrical and matter perturbation functions, respectively. For our purpose in this
work, we assume linear perturbation and then one gets
H(τ) = Hb(τ) + δ′(τ) . (52)
Moreover, we propose to expand the algebraic function f(T ) about the value of the torsion scalar in the background,
namely Tb = −6a6H2, as
f(T ) = f(Tb) + fT (Tb) (T − Tb) + 1
2
fTT (Tb) (T − Tb)2 +O3, , (53)
where O3 represents the terms of higher power of T being neglected. Making use of (53), the equation (12) takes the
following form
6a6bHb
(
fT − 12a6bH2bfTT
)
δ′ + 18a6bH2b
(
fT − 12a6bH2bfTT
)
δ = ρbδm , (54)
where ρb(t) can be obtained by solving the matter equation of continuity
ρ′ + 3H(1 + ω)ρ = 0 , (55)
getting
ρb(τ) = ρ0 exp
{
−3(1 + ω)
∫
Hb(τ)dτ
}
. (56)
The equation (54) shows a relationship between the geometrical and matter perturbation functions, but it is quite clear
that it is not sufficient for determining each perturbation function. Therefore we also perturb the matter equation of
continuity (55), obtaining
δ′m + 3 (1 + ω) δ
′ = 0 . (57)
9By integrating (57) and withdrawing the additive constant, for simplicity, one gets
δm + 3 (1 + ω) δ = 0 . (58)
By extracting δm from (58) and injecting in (54), one gets
6a6bHb
(
fT − 12a6bH2bfTT
)
δ′ +
{
18a6bH2b
(
fT − 12a6bH2bfTT
)
+ 3ρ0(1 + ω) exp
[
−3(1 + ω)
∫
Hb(τ)dτ
]}
δ = 0 , (59)
whose general solution reads
δ(τ) = K exp
{
−
∫
S(τ)
R(τ)
dτ
}
, (60)
and consequently
δm(τ) = −3K(1 + ω) exp
{
−
∫
S(τ)
R(τ)
dτ
}
, (61)
with K an integration constant and
R(τ) = 6a6b(τ)Hb(τ)
[
fT (τ) − 12a6b(τ)H2b (τ)fTT (τ)
]
, (62)
S(τ) = 18a6b(τ)H2b (τ)
[
fT (τ) − 12a6b(τ)H2b (τ)fTT (τ)
]
+ 3ρ0(1 + ω) exp
[
−3(1 + ω)
∫
Hb(τ)dτ
]
(63)
In order to find the explicit τ dependent expression of the δ, one has to fix the τ dependent expression of the scale
factor; to do so, we will assule the de Sitter and power-law cosmological solutions.
A. Stability of de Sitter solutions
Here we first assume the cosmic time dependent expression of the de Sitter solution as
a(t) = a0e
H0t , (64)
whereH0 is a positive constant, more precisely the present value of the Hubble parameter. In this way, the τ dependent
de Sitter solution, using (3), reads
ab(τ) = (3H0)
1/3
τ1/3 =⇒ Hb(τ) = 1
3τ
=⇒ Tb = −6a6bH2b = −6H20 , (65)
such that
R(τ) = 6
(
3H20 − Λ
)
τ , (66)
S(τ) = 6
(
3H20 − Λ
)
+ 3
ρ0(1 + ω)
τ1+ω
. (67)
Then, one gets the following solutions for the perturbation functions
δ(τ) =
K
τ
exp
{
ρ0
2(3H20 − Λ)τ1+ω
}
, (68)
δm(τ) = −3K(1 + ω)
τ
exp
{
ρ0
2(3H20 − Λ)τ1+ω
}
. (69)
B. Stability of power-law solutions
In this subsection we focus to cosmological time dependent solution, being of the type
a(t) =
(
t
t0
)α
=⇒ ab(τ) =
(
τ
τ0
)σ
, (70)
10
where α, σ and τ0 are the parameters defined at (29) and (30). More precisely, we fix ωV = −21/20 (this value, −1.05
refers to the Magenta line in the figures) for which there is a best fit with observational data. With this value, one
gets σ = 40/117 > 1/4. Thus, one gets
Hb(τ) ∝ σ
τ
=⇒ Tb(τ) ∝ −6σ
2
τ20
(
τ
τ0
)2(3σ−1)
. (71)
In this case, one gets
R(τ) =
2
στ0
(
3σ2 − Λτ20
)( τ
τ0
)6σ−1
, (72)
S(τ) =
6
τ20
(
3σ2 − Λτ20
)( τ
τ0
)2(3σ−1)
+ 3ρ0 (1 + ω) τ
−3σ(1+ω) (73)
As in the previous section, we assume ordinary matter and dust, such that ω = 0. Therefore, the perturbation
functions read
δ(τ) =
K
τ3σ
exp
[
− 3ρ0στ
6σ
0
2(2− 9σ)(3σ2 − Λτ20 )
1
τ9σ−2
]
, (74)
δm(τ) =
−3K
τ3σ
exp
[
− 3ρ0στ
6σ
0
2(2− 9σ)(3σ2 − Λτ20 )
1
τ9σ−2
]
(75)
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Figure 4: Left panel: evolution of δ(τ) (black line) and δm(τ) (red line) for the de Sitter solutions. Right panel:
evolution of δ(τ) (black line) and δm(τ) (red line) for the de Sitter solutions. We use Ωm0 = 0.3, Λ = 0.7,
H0 = 70km/s/Mpc, σ = 40/117 and t0 = 1/H0.
The Fig. 4 presents the evolutions of the perturbation functions for both de sitter and power-law solutions. Due
to the time parametrization, passing from the cosmic time to τ , the gravitational perturbation is operated directly
on the scale factor for simplicity yielding a linear dependence of the δ(τ) on the matter perturbation function δm(τ),
such that when the for positive value of one of the them, the second is negative. With a positive integration constant
K, one gets δ(τ) > 0 and δm(τ) < 0. Then, we plot the evolution of δ(τ) and |δm(τ)|. The question to be asked is to
known if the cosmic time t and the parametrized τ obey the same rate of evolution. Note that dτ/dt = a3 > 0 , this
means that as the cosmic time evolves, τ also evolves, allowing to conclude from Fig. 4 that as the cosmic time evolves
and for its large values the perturbation functions go toward vanishing values. Thus the reconstructed unimodular
holographic dark energy model can be considered as stable.
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VI. CONCLUSION
We explore unimodular f(T ) theory of gravity by reconstructing the related model able to drive the cosmological
physical properties of the holographic dark energy. The unimodular notion appears by fixing the determinant of the
tetrad to a number, and in this paper it is set to 1. We look for the viability of the reconstructed model by fitting it
with the cosmological H(z) data and also study its stability for consistent analysis.
About the H(z) test we focus to three fundamental parameters, namely, the Hubble parameter, the decelerated
parameter and the effective equation of state parameter. Attention has been attached to the ΛCDM model, the
Einstein de Sitter model and the reconstructed holographic dark energy model, this later, essentially depending on
the parameter of equation of state related to the holographic dark energy, constrained to −3 < ωV < −1/3. Then
we consider three values of the parameter, namely, ωV = −1.10,−1.05,−0.95, and plot the evolution of the Hubble
parameter, the decelerated parameter and the parameter of effective equation of state, for the Einstein de sitter model,
ΛCDM model and the reconstructed holographic dark energy model for ωV = −1.10,−1.05,−0.95. The evolutions
of the Hubble parameter versus red shift z for the considered models reflect the expected behavior in concordance
with the expansion of the universe. About the decelerated parameter q(z), except the Einstein de Sitter for which the
universe in always decelerating, the transition from the decelerated to the accelerated phase is realized for the ΛCDM
and the holographic dark energy models. On the other hand, looking for the effective, also except the EdS model,
the ΛCDM and HDE models are in agreement with the WMAP9 result at the present time (z = 0). However, as
the red-shift evolves toward z = −1, i.e in future, only the HDE model provides the transition from the quintessence
to the phantom, that is, crossing ωeff = −1, for ωV = −1.10,−1.05. We then conclude that at least in the range
−1.10 ≤ ωV ≤ −1.05 the unimodular holographic dark energy passes the H(z) test.
Moreover, we submit the reconstructed model to gravitational and matter linear perturbations, considering the de
Sitter and power-law solutions to the scale factor, and fixing ωV to −1.05. The results show in both cases that as
the time evolves, the perturbation functions decrease and go toward almost vanishing values. Thus we conclude that
the reconstructed model is stable against the considered linear perturbations, and should be assumed as alternative
viable model to the TT.
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